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We show that self-dual electromagnetism in noncommutative spacetime is equivalent to self-dual
Einstein gravity.
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Gravity is a mysterious force; we still don’t know what
gravity is. But recent developments from string and M
theories gradually reveal an intriguing picture on gravity
(for recent reviews, see, for example, [1, 2]): Gravity may
be a collective phenomenon emergent from gauge fields.
That is, the spin-two graviton might arise as a composite
of two spin-one gauge bosons.
Although the emergent gravity is a fascinating ap-
proach suggesting that gravity itself may not be “funda-
mental physics”, it is not easy to realize it from ordinary
quantum field theories due to a general no-go theorem
known as the Weinberg-Witten theorem [3], stating that
an interacting graviton cannot emerge from an ordinary
quantum field theory in the same spacetime. One has to
notice, however, that Weinberg and Witten introduced
two basic assumptions to prove this theorem. The first
hidden assumption is that gravitons and gauge fields live
in the same spacetime. The second assumption is the ex-
istence of a Lorentz-covariant stress-energy tensor. Thus,
to realize the emergent gravity, one has to relax one of
the assumptions in some ways.
One also has to recall that gravity has no local gauge-
invariant degrees of freedom. So one cannot start with a
theory containing local gauge-invariant operators to gen-
erate Einstein gravity as an emergent phenomenon in the
same spacetime.
The clue to relax the first assumption comes from the
holographic principle [4]: Gravitons live in a higher di-
mensional spacetime than gauge fields. In this description
known as the anti-de Sitter space and conformal field the-
ory (AdS/CFT) duality [5], gravity in higher dimensions
is an emergent phenomenon arising from particle inter-
actions in a gravityless, lower-dimensional world. The
bulk geometry, i.e., AdS space, has to contain a holo-
graphic screen on which the boundary theory, typically
super Yang-Mills theory, is defined. Since the Yang-Mills
theory contains many local gauge-invariant observables
and the diffeomorphism only appears in the bulk, the
AdS/CFT duality does not provide any information on
lower-dimensional gravity in the same spacetime where
the boundary theory is defined.
One may try to relax the second assumption instead.
This assumption can be relaxed, for example, by intro-
ducing a symplectic structure of spacetime
[yµ, yν]⋆ = iθ
µν . (1)
A field theory defined on the noncommutative (NC)
spacetime preserves neither locality nor Lorentz invari-
ance. An important fact is that translations in NC di-
rections are basically gauge transformations, i.e., eik·y ⋆
f(y) ⋆ e−ik·y = f(y + k · θ). This immediately implies
that there are no local gauge-invariant observables in NC
gauge theory [6]. These properties are precisely those of
gravity. This was the motivation in [7] to explore the rela-
tion between NC field theory and gravity. Indeed the cor-
respondence between NC gauge theory and gravity was
illustrated in [8, 9] for their self-dual sectors in the form
that NC U(1) instantons are equivalent to asymptotically
locally Euclidean (ALE) gravitational instantons.
In this Letter we will generalize the results in [8, 9]
and show a striking picture about gravity: Gravity can
emerge from electromagnetism, if one accepts that the
spacetime, at microscopic level, is noncommutative like
the quantum mechanical world. Gravity is then a col-
lective phenomenon emerging from gauge fields living in
fuzzy spacetime.
Let us consider electromagnetism in the NC spacetime
defined by Eq.(1). The action for the NC U(1) gauge





d4y F̂µν ⋆ F̂
µν , (2)
where NC electromagnetic fields are defined by
F̂µν = ∂µÂν − ∂νÂµ − i [Âµ, Âν ]⋆. (3)
Contrary to ordinary electromagnetism, the NC U(1)
gauge theory admits non-singular instanton solutions sat-




The NC gauge theory has an equivalent dual descrip-
tion through the so-called Seiberg-Witten (SW) map in
terms of ordinary gauge theory on commutative space-
time [11]. The SW map is a map between gauge orbit
spaces of commutative and NC gauge fields. The exact










det(1 + Fθ)(x), (6)
2where
xµ(y) ≡ yµ + θµνÂν(y). (7)
Applying the maps (5) and (6) to the action (2), one can








det g gµλgσνFµνFλσ, (8)
where we introduced an “effective metric” induced by the
dynamical gauge fields such that
gµν = δµν+(Fθ)µν , (g





It was shown in [8] that the self-duality equation for











Note that Eq.(10) is nothing but the exact SW map (5)
of the NC self-duality equation (4). It turned out [8, 9]
that Eq.(10) describes gravitational instantons obeying






where Rabcd is a curvature tensor. Interestingly, Eq.(10)
can be rewritten [16] as the self-duality in a curved space






It should be remarked, however, that the self-duality in
(13) cannot be interpreted as a usual self-duality equation
in a fixed background since the four-dimensional metric
used to define Eq.(13) depends in turn on the U(1) gauge
fields.
NC instantons turn out to have a rich connection with
twistor geometry [17]. We will newly derive the key re-
sults in [8, 9] following the paper [18] on N = 2 strings
which will clarify the structure of the twistor space. To
proceed with that direction, let us consider the line el-
ement (where we set θµν = θ2η
3
µν for a moment and we
follow the notations in [9])
ds2 = g˜µνdx
µdxν = σ˜µ ⊗ σ˜µ (14)
where gµν = 1/2(δµν + g˜µν) and σ˜1 ∧ σ˜2 ∧ σ˜3 ∧ σ˜4 = d4x,
say,
√






µ ∧ σ˜ν . (15)
One can easily see that
ω ≡ ω˜2 + iω˜1 = dz1 ∧ dz2, ω¯ ≡ ω˜2 − iω˜1 = dz¯1 ∧ dz¯2,
Ω ≡ −ω˜3 = i
2
(dz1 ∧ dz¯1 + dz2 ∧ dz¯2) + θF. (16)
It is obvious that dω˜a = 0, ∀a because of the Bianchi
identity, dF = 0. This means that the metric g˜µν is
hyper-Ka¨hler [9], which is an equivalent statement as
Ricci-flat Ka¨hler in four dimensions. Therefore the met-
ric g˜µν is a gravitational instanton [15]. Eq.(16) clearly
shows how dynamical gauge fields living in NC spacetime
induce a deformation of background geometry through
gravitational instantons, thus realizing the emergent ge-
ometry.
The deformation of symplectic (or Ka¨hler) structure
on R4 due to the fluctuation of gauge fields can be more
clarified by the following construction. Let us consider a
deformation of the holomorphic (2,0)-form ω = dz1 ∧dz2
as follows




where the parameter t takes values in P1 = S2. One can
easily see that dΨ(t) = 0 if and only if dF = 0 and
Ψ(t) ∧Ψ(t) = 0 (18)
since Eq.(18) is equivalent to the instanton equation
F+µν = 1/4(FF˜ )θ
+
µν [8, 9]. Since the two-form Ψ(t)
is closed and degenerate, the Darboux theorem as-
serts that one can find a t-dependent map (z1, z2) →
(Z1(t; zi, z¯i), Z2(t; zi, z¯i)) such that
Ψ(t) = dZ1(t; zi, z¯i) ∧ dZ2(t; zi, z¯i). (19)
When t is small, one can solve (19) by expanding
Zi(t; z, z¯) in powers of t as






By substituting this into Eq.(17), one gets at O(t)
∂zip
i




i ∧ dz¯j = iΩ (22)
where the fact was used that Ω is a (1,1)-form. Eq.(21)
can be solved by setting pi1 = 1/2ǫ
ij∂zjK and then Ω =
i/2∂i∂¯jKdz
i ∧ dz¯j. The real-valued smooth function K
is the Ka¨hler potential of U(1) instantons in [8, 9]. In
terms of this Ka¨hler two-form Ω, Eq.(18) reduces to the
complex Monge-Ampe`re or the Pleban´ski equation [19]
Ω ∧ Ω = 1
2
ω ∧ ω¯, (23)
that is, det(∂i∂¯jK) = 1.
3When t is large, one can introduce another Darboux
coordinates Z˜i(t; zi, z¯i) such that
Ψ(t) = t2dZ˜1(t; zi, z¯i) ∧ dZ˜2(t; zi, z¯i) (24)
with expansion






One can get the solution (17) with p˜i1 = −1/2ǫij∂z¯jK
and Ω = i/2∂i∂¯jKdz
i ∧ dz¯j .
The t-dependent Darboux coordinates Zi(t; z, z¯) and
Z˜i(t; z, z¯) correspond to holomorphic coordinates on two
local charts, where the 2-form Ψ(t) becomes the holo-
morphic (2,0)-form, of the dual projective twistor space
P ∗T which may be viewed as a fiber bundle over S2 with
a fiber being a hyper-Ka¨hler manifold M4. Here we re-
gard t as a parameter of deformation of complex struc-
ture onM4. Therefore they are related by a t-dependent
symplectic transformation on an overlapping coordinate
chart as fi(t;Z(t)) = tZ˜i(t) [18]. In this way, the com-
plex geometry of the twistor space P ∗T encodes all the
information about the Ka¨hler geometry of self-dual 4-
manifolds M4. We refer [17, 18] for more details about
the twistor geometry.
The NC gauge theory and gravity correspondence may
be understood as a large N duality [2]. To see this pic-
ture, it is useful to use the background independent for-
mulation of NC gauge theories [11, 20]. One can show






det g(g−1F +Φ)2. (26)
The exact SW map in this case is obtained from Eq.(26)

















where we made a replacement 1(2π)2
∫ d4y
Pfθ ↔ TrH using
the Weyl-Moyal map. We used the following notation:
gµν = constant closed string metric, gs(Gs) = closed
(open) string coupling constant, κ = 2πα′.
The covariant, background-independent coordinates
xµ [20, 21] are defined by (7) and they are now oper-
ators on an infinite-dimensional, separable Hilbert space
H, which is the representation space of the Heisenberg
algebra (1). The NC gauge symmetry in Eq.(27) then
acts as unitary transformations on H, i.e.,
xµ → x′µ = UxµU †. (28)
This NC gauge symmetry Ucpt(H) is so large that
Ucpt(H) ⊃ U(N) (N → ∞) [22]. In this sense the NC
gauge theory in Eq.(27) is essentially a large N gauge
theory. Note that the second expression in Eq.(27) is
a large N version of the IKKT matrix model which de-
scribes the nonperturbative dynamics of type IIB string
theory [23]. The last identity in Eq.(27) definitely shows
that fluctuations F̂ by NC photons with respect to the
background B are mapped to fluctuations of geometry
on commutative spacetime through the SW map.
In the limit of slowly varying fields which was adopted
to get the commutative action (8), we can identify the
adjoint action of xµ with respect to star-product with a
vector field Vµ ∈ TM4 on some auxiliary (or emergent)
four manifold M4 [16]:
adxµ [f ] = [x




for ∀f ∈ C∞(M4). The map (29) is quite natural since
the NC gauge fields Âµ(y) are in general arbitrary, so
they generate arbitrary vector fields Vµ ∈ TM4 accord-
ing to the map (29) and [xµ, f ]⋆ = iθ
µν∂νf when Âµ = 0.
One can easily check that
(adxµ adxν − adxν adxµ)[f ] = ad[xµ,xν ]⋆ [f ] = [Vµ, Vν ][f ]
where the right-hand side is the Lie bracket between vec-
tor fields in TM4. Note that the gauge transformation
(28) naturally induces coordinate transformations of vec-
tor fields




V βµ . (30)
Now let us look for an instanton solution of Eq.(27).
Since the instanton is a Euclidean solution with a fi-
nite action, the instanton configuration should approach
a pure gauge at infinity. Our boundary condition is
F̂µν → 0 at |y| → ∞. Thus one has to remove a part
due to backgrounds from the action in Eq.(27). One can
easily achieve this by defining the self-duality equation
as follows




⇔ [Vµ, Vν ] = ±1
2
εµνλσ [Vλ, Vσ]. (31)
From the above definition, it is obvious that the con-
stant part in [xµ, xν ]⋆ = −i(θ(F̂ − B)θ)µν , i.e. iθµν ,
can be dropped. Note that, for self-dual or anti-self-dual
θµν , the self-duality equation (31) reduces to Eq.(4). But
Eq.(31) holds for an arbitrary nondegenerate θµν .
The self-duality equation (31) leads to the fact that an
instanton number is proportional to ε4(V1, V2, V3, V4) for
a fixed volume form ε4, which is by definition topological.
Thus this quantity should not be changed under a smooth
4deformation. Actually it is obvious from Eq.(29) that
the vector fields Vµ are divergence free, i.e. ∂αV
α
µ = 0.
In other words, they preserve the volume form ε4, i.e.,
LVµε4 = 0, where LVµ is the Lie derivative along Vµ. In
summary, instanton configurations in NC spacetime (1)
are mapped to the volume preserving diffeomorphism,
SDiff(M4), satisfying Eq.(31).
So we arrive at the result of Ashtekar et al. [24]. Their
result is summarized as follows [25]. Let M4 be an ori-
ented 4-manifold and let Vµ be vector fields onM4 form-
ing an oriented basis for TM4. Then Vµ define a con-
formal structure [G] onM4. Suppose that Vµ preserve a
volume form onM4 and satisfy the self-duality equation
[Vµ, Vν ] = ±1
2
εµνλσ[Vλ, Vσ]. (32)
Then [G] defines a (anti-)self-dual and Ricci-flat metric.
V αµ in Eq.(29) can be identified with an inverse vierbein
or tetrad on M4. Thus the self-dual metric is given by
[24]
Gαβ = detV −1V αµ V βν δµν . (33)
Eq.(30) then leads to a consistent result that the gauge
equivalence due to (28) corresponds to the diffeomorphic
equivalence between the metrics Gαβ .
Motivated by the similarity to the self-duality equation
of Yang-Mills theory, Mason and Newman showed [26]
that, if we have a reduced Yang-Mills theory where the
gauge fields take values in the Lie algebra of SDiff(M4),
which is exactly the case in the second expression of
Eq.(27) through the prescription (29), Yang-Mills instan-
tons are actually equivalent to gravitational instantons !
We showed that this is the case for NC electromagnetism.
It is a priori not obvious that the self-dual electro-
magnetism in NC spacetime is equivalent to the self-dual
Einstein gravity. Therefore it should be helpful to have
explicit nontrivial examples to appreciate how it works.
It is not difficult to find explicit self-dual solutions from
Eq.(32). For example, the Gibbons-Hawking metric [27]
was given in [25] and the real heaven solution [28] was
done in [29].
The Gibbons-Hawking metric [27] is a general class
of self-dual, Ricci-flat metrics with the triholomorphic
U(1) symmetry which describes a particular class of ALE
and asymptotically locally flat (ALF) instantons. Let
(ai, U), i = 1, 2, 3, are smooth real functions on R
3 and
define Vi = −ai ∂∂τ + ∂∂xi and V4 = U ∂∂τ , where τ param-
eterizes circles and the Killing vector ∂/∂τ generates the
triholomorphic U(1) symmetry. Eq.(32) then becomes
the equation ∇U + ∇ × ~a = 0 and the metric whose
inverse is (33) is given by
ds2 = U−1(dτ + ~a · d~x)2 + Ud~x · d~x, (34)
where ~x ∈ R3.
The real heaven metric [28] describes four dimensional
hyper-Ka¨hler manifolds with a rotational Killing symme-
try which is also completely determined by one real scalar









































where the rotational Killing vector is given by ci∂iψ∂/∂τ
with constants ci (i = 1, 2) and the function ψ is inde-
pendent of τ . Eq.(32) is then equivalent to the three-






0 and the metric is determined by Eq.(33) as
ds2 = (∂3ψ)
−1(dτ + aidxi)2 + (∂3ψ)(e
ψdxidxi + dx3dx3)
(36)
where ai = εij∂jψ.
Although we closely derived the equivalence, Eq. (31),
bewteen self-dual NC electromagnetism and self-dual
Einstein gravity, it is nevertheless very surprising that
the real heaven (36) as well as the ALE and ALF instan-
tons (34) are solutions of NC electromagnetism.
A few remarks are in order.
(1) It was shown [16, 30] that the SW map of local-
ized instantons generated by shift operators is trivial, i.e.,
F±µν = 0. Therefore the SW map in this case is not ef-
fective to probe the geometry by localized instantons.
But we have derived the self-dual Einstein equation (32)
directly from NC electromagnetism, via the map (29)
which is based on the background independent formula-
tion [20], so there is no need to specify a background.
Thus the map (31) should hold for any nondegenerate
θ’s. It turns out [16, 31] that Eq.(31) or (32) provides an
elegant formulation of self-dual Einstein gravity.
(2) Recently, it was found [32] that NC field theory
is invariant under the twisted Poincare´ symmetry where
the action of generators is now defined by the twisted
coproduct in the deformed Hopf algebras. We think that
the twisted Poincare´ symmetry, especially the deformed
Hopf algebra and quantum group structures, will be im-
portant to understand the NC field theory and gravity
correspondence since underlying symmetries are always
an essential guide for physics. Indeed this symmetry
plays a prominent role to construct NC gravity [33].
(3) The canonical structures, in particular, complex
and Ka¨hler structures, of the self-dual system (32), have
been fully studied in a beautiful paper [31]. The argu-
ments in [31] are essentially the same as ours leading to
Eq.(23). It was also shown there how the Pleban´ski’s
heavenly equations [19] could be derived from Eq.(32).
5Furthermore it can be shown [34] that Eq.(32) can be
reduced to the sdiff(Σg) chiral field equations in two
dimensions, where sdiff(Σg) is the area preserving dif-
feomorphisms of a Riemann surface of genus g. We have
clarified in [16] how the structure of twistor space inher-
ent in Eq.(32) manifests itself in the self-dual NC elec-
tromagnetism.
We see, for example, from Eqs. (16), (19) and (31)
that the fluctuation of gauge fields can be interpreted as
that of geometry. It turns out [2, 16] that a basic reason
for the correspondence between NC gauge theory and
gravity is that NC spacetime admits an extra symmetry,
the so-called Λ-symmetry (or B-field transformations).
Through the Darboux theorem, the extra symmetry can
be considered as a par with diffeomorphisms. This is
the reason why gravity can emerge from gauge fields
living in NC spacetime. The emergent gravity from NC
gauge theories seems to be quite general [2, 16] and to
be closely related to generalized complex geometry [35].
One has to notice that the (local) equivalence between
generalized complex manifolds via the generalized
Darboux theorem is obtained not only by using diffeo-
morphisms but also B-field transformations [35], which
is precisely the property of D-brane worldvolume theory
in B-field backgrounds. In fact we found evidences in
[16] that the emergent gravity contains the structure of
NC gravity and generalized complex geometry.
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